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Â ñòàòüå ðàññìîòðåí ñëó÷àé êâàçèóñòîé÷èâûõ ñëó÷àéíûõ âåêòîðîâ ñ
õàðàêòåðèñòè÷åñêèì ïîêàçàòåëåì α = 1. Ïîëó÷åí óòî÷íåííûé âèä ñî-
îòâåòñòâóþùèõ èì õàðàêòåðèñòè÷åñêèõ ôóíêöèé, ïîçâîëßþùèé âû÷èñ-
ëèòü ñòàðøèé ÷ëåí ðàçëîæåíèß ôóíêöèé ïëîòíîñòè.
In the article case of quasistable random vectors with characteristic quantity
α = 1 is considered. More accurate form of corresponding characteristic
functions proposed, which allowes computing leading term of density func-
tion decomposition.
Êëþ÷åâûå ñëîâà: êâàçèóñòîé÷èâûé ñëó÷àéíûé âåêòîð, õàðàêòåðè-
ñòè÷åñêàß ôóíêöèß.
Keywords: quasistable random vector, characteristic function.
Ââåäåíèå. Ñëó÷àéíûé âåêòîð X ∈ Rn, èìåþùèé ôóíêöèþ ðàñïðåäåëåíèß
G(x), íàçûâàåòñß êâàçèóñòîé÷èâûì, åñëè äëß ëþáûõ åãî íåçàâèñèìûõ êîïèé X1 è
X2 è äëß ∀b1, b2 > 0 ñóùåñòâóþò òàêèå b > 0 è a ∈ Rn, a 6= 0, ÷òî
b1X1 + b2X2
d= bX + a.
Ñàìûì òèïè÷íûì ïðåäñòàâèòåëåì X ßâëßåòñß êâàçèóñòîé÷èâîå ðàñïðåäåëåíèå
ñ õàðàêòåðèñòè÷åñêèì ïîêàçàòåëåì α = 1, ôóíêöèè ðàñïðåäåëåíèß G(x) êîòîðîãî
íå èìåþò ßâíîãî ïðåäñòàâëåíèß. Óäàëîñü îïèñàòü ñîîòâåòñòâóþùèå èì õàðàêòå-
ðèñòè÷åñêèå ôóíêöèè g(t), êîòîðûå ñïåöèôèöèðóþòñß êîíå÷íîé ìåðîé M(dξ) íà
åäèíè÷íîé ñôåðå è ïîñòîßííûì âåêòîðîì γ ∈ Rn. Íèæå áóäåò ïîëó÷åí óòî÷íåííûé
âèä g(t), ïîçâîëßþùèé âû÷èñëèòü ñòàðøèé ÷ëåí ðàçëîæåíèß ôóíêöèé ïëîòíîñòè.
Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò ðàáîòû:
Òåîðåìà.Ïóñòü ñïåêòðàëüíàß ìåðàM(dξ) èìååò ïëîòíîñòü µ(ξ) ∈ L1(Sn−1).
Òîãäà ôóíêöèß ïëîòíîñòè ìíîãîìåðíîãî êâàçèóñòîé÷èâîãî ðàñïðåäåëåíèß ñ α = 1
ìîæåò áûòü ïðåäñòàâëåíà â âèäå
g(|x|ξ) = µ(ξ)|x|n+1 + r2(x), x 6= 0,
ãäå r2(x)  îñòàòî÷íûé ÷ëåí.
1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ. Ãðàíò 06-01-00626.
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Îïèñàíèå õàðàêòåðèñòè÷åñêèõ ôóíêöèé êâàçèóñòîé÷èâûõ çàêîíîâ ñ α = 1 íà÷-
íåì ñ îäíîìåðíîãî ñëó÷àß. Îòïðàâíîé òî÷êîé äëß ïîëó÷åíèß èõ âèäà ñëóæèò ñëå-
äóþùåå ñîîòíîøåíèå:
g(t) = exp
itγ +
∞∫
0
ψ(t, x)
C1
x2
dx+
0∫
−∞
ψ(t, x)
C2
x2
dx
 , (1)
ãäå C1, C2 ≥ 0, γ ∈ R.
Íàèáîëåå ÷àñòî (ñì. [2], [4], [7]) èñïîëüçóåòñß ïðåäñòàâëåíèå Ëåâè-Õèí÷èíà, â
êîòîðîì ßäðî èìååò âèä
ψ(t, x) = eitx − 1− itx
1 + x2
. (2)
Â.Ôåëëåð â [6] èñïîëüçîâàë ñîîòíîøåíèå (1), â êîòîðîì
ψ(t, x) = eitx − 1− it · sin(x). (3)
Ï.Ëåâè (1972) íàõîäèë ïðåäñòàâëåíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè, ïîëàãàß
ψ(t, x) = eitx − 1− itx · 1[−1,1](x). (4)
Â ðåçóëüòàòå âû÷èñëåíèé (1) ñ ôóíêöèßìè (2) è (4) ïîßâëßåòñß äîïîëíèòåëüíûé
ñäâèã exp(itγ1), ïðè÷åì êîíñòàíòà γ1 ßâíî íå âû÷èñëßëàñü. Êîãäà ψ(t, x) èìååò âèä
(3), òî γ1 = 0. Ïîëó÷èì çíà÷åíèå γ1 äëß ßäðà ïðåîáðàçîâàíèß (4). Áåç îãðàíè÷åíèß
îáùíîñòè ìîæíî ñ÷èòàòü γ = 0. Âûïèøåì îòäåëüíî èíòåãðàë äëß ïîëîæèòåëüíîé
ïîëóîñè
I =
1∫
0
(eitx − 1− itx)C1
x2
dx+
∞∫
1
(eitx − 1)C1
x2
dx. (5)
Íåêîòîðûå ñâåäåíèß èç òåîðèè îáîáùåííûõ ôóíêöèé. Äëß âû÷èñëå-
íèß (5) ïðèìåíèì èçâåñòíûé ðåçóëüòàò èç òåîðèè îáîáùåííûõ ôóíêöèé. Ñíà÷àëà
ââåäåì íåñêîëüêî îïðåäåëåíèé.
Ïóñòü S  ïðîñòðàíñòâî áûñòðî óáûâàþùèõ ôóíêöèé íà Rn. Ýëåìåíòàìè ïðî-
ñòðàíñòâà S ßâëßþòñß ôóíêöèè ϕ(x) ∈ C∞(Rn), óäîâëåòâîðßþùèå ñëåäóþùåìó
óñëîâèþ: äëß ëþáûõ ìóëüòèèíäåêñîâ k = (k1, ..., kn) è l = (l1, ..., ln) ñóùåñòâóåò
÷èñëî Ckl <∞ òàêîå, ÷òî ∀x = (x1, ..., xn)∣∣xk · ∂lxϕ(x)∣∣ ≤ Ckl,
ãäå xk = xk11 · ... · xknn è ∂lx =
∂|l|
∂xl11 ...∂x
ln
n
.
Îïðåäåëåíèå. Ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ ôóíêöèîíàëîâ
f : S(Rn)→ C
íàçûâàåòñß ïðîñòðàíñòâîì ìåäëåííî ðàñòóùèõ îáîáùåííûõ ôóíêöèé è îáîçíà÷à-
åòñß S′(Rn).
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Îáîáùåííàß ôóíêöèß f íàçûâàåòñß ðåãóëßðíîé, åñëè îíà îïðåäåëßåòñß ïî ïðà-
âèëó
+∞∫
−∞
f(x)ϕ(x)dx.
Âàæíûì ïîíßòèåì òåîðèè îáîáùåííûõ ôóíêöèé ßâëßåòñß ðåãóëßðèçàöèß ôóíê-
öèé. Ïðîáëåìà ðåãóëßðèçàöèè ñîñòîèò â îïðåäåëåíèè òàêîãî ôóíêöèîíàëà f ∈ S′,
÷òî
(f, ϕ) =
+∞∫
−∞
f0(x)ϕ(x)dx ∀ϕ ∈ C∞0 (Rn\x0),
ãäå x0-òî÷êà, â êîòîðîé èìååòñß íåèíòåãðèðóåìàß îñîáåííîñòü. Â ýòîì ñëó÷àå ãî-
âîðßò, ÷òî ôóíêöèîíàë f ðåãóëßðèçóåò ðàñõîäßùèéñß èíòåãðàë
∫
f0(x)dx.
Ðåãóëßðèçàöèß ñòåïåííûõ ôóíêöèé îïèñàíà â [1], ãë.I,ï.1.7. Ñëó÷àé öåëûõ îò-
ðèöàòåëüíûõ çíà÷åíèé ïîêàçàòåëß ñòåïåíè ßâëßåòñß îñîáåííûì. Ðåãóëßðèçîâàííîå
çíà÷åíèå ôóíêöèîíàëà, ñîîòâåòñòâóþùåå ôóíêöèè, ðàâíîé C1/x2, x > 0 è 0 ïðè
x ≤ 0, âûãëßäèò ñëåäóþùèì îáðàçîì:
(
C1
x2+
, ϕ
)
=
1∫
0
(ϕ(x)− ϕ(0)− xϕ′(0))C1
x2
dx+
∞∫
1
(ϕ(x)− ϕ(0))C1
x2
dx. (6)
Îïðåäåëèì ïðåîáðàçîâàíèå Ôóðüå îáîáùåííûõ ôóíêöèé. Ïóñòü ϕ(x) ∈ S. Îáî-
çíà÷èì åå ïðåîáðàçîâàíèå Ôóðüå:
ψ(t) = F [ϕ(x)] =
+∞∫
−∞
eitxϕ(x)dx
è ñîîòâåòñòâåííî, îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå:
ϕ(x) = F−1 [ψ(t)] =
1
2pi
+∞∫
−∞
e−ixtψ(t)dt.
Â ïðîñòðàíñòâå S ïðåîáðàçîâàíèß F è F−1 ßâëßþòñß àâòîìîðôèçìàìè.
Îïðåäåëåíèå. Ïóñòü f ∈ S′. Òîãäà ðàâåíñòâî
(f, ϕ) =
1
2pi
(Ff, ψ) ∀ϕ ∈ S
îïðåäåëßåò îáîáùåííóþ ôóíêöèþ
f˜ = Ff ∈ S′,
êîòîðàß íàçûâàåòñß ïðåîáðàçîâàíèåì Ôóðüå ðàñïðåäåëåíèß f ∈ S′.
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Âû÷èñëèì ïðåîáðàçîâàíèå Ôóðüå C1/x2+ :
1∫
0
(ϕ(x)− ϕ(0)− xϕ′(0))C1
x2
dx+
∞∫
1
(ϕ(x)− ϕ(0))C1
x2
dx =
=
1∫
0
1
2pi
∞∫
−∞
(e−ixt − 1 + ixt)ψ(t)dtC1
x2
dx+
∞∫
1
1
2pi
∞∫
−∞
(e−ixt − 1)ψ(t)dtC1
x2
dx =
=
1
2pi
+∞∫
−∞

1∫
0
(eitx − 1− itx)C1
x2
dx+
∞∫
1
(eitx − 1)C1
x2
dx
ψ(t)dt.
Îòêóäà âèäíî, ÷òî I èç (5) ñîâïàäàåò ñ ïðåîáðàçîâàíèåì Ôóðüå îáîáùåííîé
ôóíêöèè C1/x2+. Â [1], ãë.II,ï.2.4 ïîëó÷åíû ßâíûå âûðàæåíèß ýòîãî ïðåîáðàçîâà-
íèß
F
C1
x2+
= −pi
2
C1t− i(1 + Γ′(1))C1t− iC1t · ln(t+ i0) (7)
è, àíàëîãè÷íî,
F
C2
x2−
= −pi
2
C2t− i(1 + Γ′(1))C2t− iC2t · ln(t− i0), (8)
ãäå
ln(t± i0) = ln |t| ± ipiθ(−x), θ(x)  ôóíêöèß Õåâèñàéäà,
Γ′(1) = C  êîíñòàíòà Ýéëåðà,
C2/x
2
− îáîáùåííàß ôóíêöèß, ñîîòâåòñòâóþùàß ôóíêöèè C2/ |x|2 ïðè x < 0 è
0, êîãäà x ≥ 0.
Èñïîëüçóß ñîîòíîøåíèß (7), (8), ïîñëå ïðåîáðàçîâàíèé ïîëó÷èì
F
(
C1
x2+
+
C2
x2−
)
= −pi
2
(C1 + C2) |t| − i(1 +C)(C1 − C2)t− i(C1 − C2)t · ln |t| .
Î ïðåäñòàâëåíèè õàðàêòåðèñòè÷åñêèõ ôóíêöèé â R1. Ââåäåì îáîçíà÷å-
íèå äëß âòîðîé õàðàêòåðèñòèêè
h(t) = ln(g(t)).
Èç ïîëó÷åííîãî âûøå, èìååì(
C1
x2+
+
C2
x2−
, ϕ
)
=
1
2pi
(
F
(
C1
x2+
+
C2
x2−
)
, ψ
)
=
1
2pi
(h, ψ).
Ñëåäîâàòåëüíî, õàðàêòåðèñòè÷åñêàß ôóíêöèß óñòîé÷èâûõ ðàñïðåäåëåíèé èìååò
âèä
g(t) =
= exp
{
−pi
2
(C1 + C2) |t| − i(1 +C)(C1 − C2)t− i(C1 − C2)t · ln |t|
}
. (9)
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Çàìå÷àíèå. Åñëè C1 = C2, òîãäà
g(t) = exp
{
−pi
2
(C1 + C2) |t|
}
ßâëßåòñß õàðàêòåðèñòè÷åñêîé ôóíêöèåé ñòðîãî óñòîé÷èâûõ ðàñïðåäåëåíèé (à, èìåí-
íî, ðàñïðåäåëåíèß Êîøè).
Åñëè ïîëîæèòü, êàê îáû÷íî, λ = pi
2
(C1 + C2), β =
C1 − C2
C1 + C2
, òî () ïðåîáðàçóåòñß
â ñîîòíîøåíèå
g(t) = exp
{
−λ
(
|t|+ i(1 +C) 2
pi
β · t+ i 2
pi
β · t · ln |t|
)}
, (10)
êîòîðîå îòëè÷àåòñß îò èñïîëüçóåìûõ ðàíåå ôîðì ìíîæèòåëåì exp(itγ1), γ1 =
(1 + C) · 2/pi · β, îòâå÷àþùèì çà ñäâèã. Ôîðìà (9) áîëåå ïðåäïî÷òèòåëüíà, ÷åì
(10). Ïðåèìóùåñòâî (9) ñîñòîèò â òîì, ÷òî â íåé ïîêàçàòåëü ýêñïîíåíòû ñîâïàäà-
åò ñ ïðåîáðàçîâàíèåì Ôóðüå îáîáùåííûõ ôóíêöèé C1/x2+ è C2/x2−. Ðàññìàòðèâàß
ôóíêöèþ ïëîòíîñòè óñòîé÷èâîãî ðàñïðåäåëåíèß g(x) êàê îáîáùåííóþ ôóíêöèþ
íàä ïðîñòðàíñòâîì S, ìîæíî ïîëó÷èòü ðàçëîæåíèå
(g, ϕ) =
1
2pi
(eh, ψ) =
1
2pi
(1 + h+ r∗2 , ψ) =
1
2pi
(1, ψ) +
1
2pi
(h, ψ) +
1
2pi
(r∗2 , ψ) =
= (δ, ϕ) +
(
C1
x2+
+
C2
x2−
, ϕ
)
+ (F−1r∗2 , ϕ),
ãäå δ  äåëüòà-ôóíêöèß, r∗2(t)  îñòàòî÷íûé ÷ëåí â ðàçëîæåíèè exp(h(t)). Îòêóäà
âèäíî, ÷òî ñòàðøèé ÷ëåí ðàçëîæåíèß ôóíêöèè p(x) ðàâåí C1
x2
, êîãäà x > 0 è C2
x2
,
êîãäà x < 0.
Â.Ì. Çîëîòàðåâ â [5] ïîëó÷èë ðàçëîæåíèß g(x) äëß x→∞ è 0 < β ≤ 1.
Î ïðåäñòàâëåíèè õàðàêòåðèñòè÷åñêèõ ôóíêöèé â Rn. Ïåðåéäåì ê ðàñ-
ñìîòðåíèþ ìíîãîìåðíîãî ñëó÷àß. Õàðàêòåðèñòè÷åñêàß ôóíêöèß ìîæåò áûòü ïîëó-
÷åíà èç íåñêîëüêèõ ïðåäñòàâëåíèé, ñðåäè êîòîðûõ âûáåðåì ñîîòâåòñòâóþùåå (4),
ïîëîæèâ â íåì γ = 0:
g(t) = exp

∫
Sn−1
 1∫
0
(ei(t,x) − 1− i(t, x)) 1|x|2 d|x|+
+
∞∫
1
(ei(t,x) − 1) 1|x|2 d|x|
M(dξ)
 . (11)
Äàëåå ïðåäïîëîæèì, ÷òî M(dξ) èìååò ïëîòíîñòü µ(ξ) ∈ L1(Sn−1). Òàê æå
êàê â îäíîìåðíîì ñëó÷àå ïîêàçàòåëü ýêñïîíåíòû â (11) ñîâïàäàåò (â ñìûñëå S′
äèñòðèáóöèé ) ñ ïðåîáðàçîâàíèåì Ôóðüå ðåãóëßðèçîâàííîé îáîáùåííîé ôóíêöèè
p.f.
µ(ξ)
|x|n+1 , îïðåäåëßåìîé ñëåäóþùèì îáðàçîì
(p.f.
µ(ξ)
|x|n+1 , ϕ) =
∫
Rn
ϕ(x)− ϕ(0)− 1(|x|<1)(x) · n∑
j=1
xj
(
∂
∂xj
ϕ
)
(0)
 µ(ξ)
|x|n+1 dx.
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Îòìåòèì, ÷òî ïðè x 6= 0 îáîáùåííàß ôóíêöèß p.f. µ(ξ)|x|n+1 ñîâïàäàåò ñ îáû÷íîé
ôóíêöèåé µ(ξ)|x|n+1 . Âû÷èñëèì åå ïðåîáðàçîâàíèå Ôóðüå.
∫
Sn−1
1∫
0
(ϕ(x)− ϕ(0)− 1(|x|<1)(x) ·
n∑
j=1
xj
(
∂
∂xj
ϕ
)
(0))
1
|x|2 d|x|µ(ξ)dξ+
+
∫
Sn−1
∞∫
1
(ϕ(x)− ϕ(0)) 1|x|2 d|x|µ(ξ)dξ =
∫
Sn−1
1∫
0
1
(2pi)n
∫
Rn
(e−i(x,t) − 1 + i(x, t))ψ(t)dt 1|x|2 d|x|µ(ξ)dξ+
+
∫
Sn−1
∞∫
1
1
(2pi)n
∫
Rn
(e−i(x,t) − 1)ψ(t)dt 1|x|2 d|x|µ(ξ)dξ =
=
1
(2pi)n

∫
Rn
∫
Sn−1
1∫
0
(ei(x,t) − 1− i(x, t)) 1|x|2 d|x|µ(ξ)dξψ(t)dt+
+
∫
Rn
∫
Sn−1
∞∫
1
(ei(x,t) − 1) 1|x|2 d|x|µ(ξ)dξψ(t)dt
 =
Ïåðåñòàíîâêó èíòåãðàëîâ ìîæíî îáîñíîâàòü ñ ïîìîùüþ òåîðåìû Ôóáèíè. Çàòåì
ðàçîáüåì èíòåãðàë ïî Sn−1 íà äâà èíòåãðàëà ïî ïîëóñôåðàì Sn−1± (t) = {ξ : ξ ∈
Sn−1, (t, ξ)><0} è ïðîäîëæèì ïðåîáðàçîâàíèß, âîñïîëüçîâàâøèñü ôîðìóëîé (7):
=
1
(2pi)n

∫
Rn
∫
Sn−1+ (t)
1∫
0
(
ei(x,t) − 1− i(x, t)
) 1
|x|2 d|x|µ(ξ)dξψ(t)dt+
+
∫
Rn
∫
Sn−1+ (t)
∞∫
1
(
ei(x,t) − 1
) 1
|x|2 d|x|µ(ξ)dξψ(t)dt+
+
∫
Rn
∫
Sn−1− (t)
1∫
0
(
ei(x,t) − 1− i(x, t)
) 1
|x|2 d|x|µ(ξ)dξψ(t)dt+
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+
∫
Rn
∫
Sn−1− (t)
∞∫
1
(
ei(x,t) − 1
) 1
|x|2 d|x|µ(ξ)dξψ(t)dt
 =
=
1
(2pi)n
∫
Rn
∫
Sn−1
(
−pi
2
|(t, ξ)| − i(1 +C)(t, ξ)− i(t, ξ) ln |t, ξ|
)
µ(ξ)dξψ(t)dt.
Èç ïðèâåäåííîé âûøå öåïî÷êè ñëåäóåò, ÷òî(
p.f.
µ(ξ)
|x|n+1 , ϕ
)
=
=
1
(2pi)n
 ∫
Sn−1
(
−pi
2
|(t, ξ)| − i(1 +C)(t, ξ)− i(t, ξ) ln |t, ξ|
)
µ(ξ)dξ, ψ
 (12)
Çíà÷èò õàðàêòåðèñòè÷åñêàß ôóíêöèß ìíîãîìåðíûõ óñòîé÷èâûõ ðàñïðåäåëåíèé
èìååò ñëåäóþùåå ïðåäñòàâëåíèå:
g(t) = exp
i(t, γ)− pi2
∫
Sn−1
|(t, ξ)|µ(ξ)dξ − i(1 +C)
∫
Sn−1
(t, ξ)µ(ξ)dξ−
− i
∫
Sn−1
(t, ξ) ln |(t, ξ)|µ(ξ)dξ
 . (13)
Çàìå÷àíèå. Ôîðìóëà (13) îñòàåòñß ñïðàâåäëèâîé, åñëè ïëîòíîñòü ñïåêòðàëü-
íîé ìåðû ñîñðåäîòî÷åíà â òî÷êàõ íà ñôåðå, ò.å.
µ(ξ) =
L∑
j=1
Cjδ(ξ − ξj).
Äîêàçàòåëüñòâî òåîðåìû. Çàïèøåì ôîðìóëó îáðàùåíèß äëß ôóíêöèé ïëîò-
íîñòè ìíîãîìåðíûõ óñòîé÷èâûõ ðàñïðåäåëåíèé â òåðìèíàõ îáîáùåííûõ ôóíêöèé:
(g, ϕ) =
1
(2pi)n
(g(t), ψ)
Çàòåì ïðåäñòàâèì õàðàêòåðèñòè÷åñêóþ ôóíêöèþ ïî ôîðìóëå Òåéëîðà. Òîãäà
(g, ϕ) =
1
(2pi)n
(1 + ln(g(t)) + r∗2 , ψ) =
=
1
(2pi)n
(1, ψ) +
1
(2pi)n
(ln(g(t)), ψ) +
1
(2pi)n
(r∗2 , ψ).
Îòêóäà, ïîñëå ïðèìåíåíèß F−11 = δ è (12), ïîëó÷àåì
(g, ϕ) = δ +
(
p.f.
µ(ξ)
|x|n+1 , ϕ
)
+ (r2, ϕ), (14)
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ãäå
r2 = F−1[r∗2 ].
Ïîñêîëüêó ïîëó÷åííûì îáîáùåííûì ôóíêöèßì ñîîòâåòñòâóþò ëîêàëüíî èíòå-
ãðèðóåìûå ôóíêöèè, òî èç (14) ñëåäóåò
g(|x|ξ) = µ(ξ)|x|n+1 + r2(x), x 6= 0.
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